Abstract. The perfectly matched layer (PML) has proven to be efficient in absorbing outgoing waves in elastic and poroelastic media. It has not, however, been applied for porous anisotropic media. We develop the velocity-stress formulation for propagation of seismic waves for fluid-saturated porous anisotropic media with Biot's equations. Then we extend the split perfectly matched absorbing layer (SPML) to these media and describe the staggered-grid finite-difference scheme. Using fourth-order spatial operators and a second-order temporal operator under 2D Cartesian coordinates, we numerically solve the equations for the solid and fluid particle velocity components, and for the solid stress components and fluid pressure. The energy decay curve we show demonstrates that the algorithm can run stably. Results from the horizontally layered model show that the SPML model absorbs the outgoing wave well, which illustrates the algorithm is efficient for modelling in porous transversely isotropic media.
Introduction
Seismic wave propagation in fluid-saturated porous anisotropic media, based on Biot's theory (Biot, 1962) , can provide an insight into the subsurface rock, which is of great interest in exploration geophysics and seismology. Seismic numerical simulation is an effective method to produce synthetic seismograms including snapshots and records which are useful to better understand seismic wave propagation in the media (Kelly et al., 1976) . Although numerous methods are available for modelling, the finite-difference method is a popular approach to complex models in virtue of its high computational efficiency and easy implementation (Virieux, 1986; Levander, 1988; Juhlin, 1995; Wang et al., 2006; Liu and Sen, 2011) .
Due to computer memory and time constraints, the simulation can be calculated only in a limited area with the imposition of artificial boundaries, with the artificial boundary reflection affecting the modelling accuracy. The absorbing layer, especially the perfectly matched absorbing layer (PML), provides a way to reduce the artificial reflections. PML was first introduced by Berenger (1994) as a new technique for the absorption of outgoing electromagnetic waves by surrounding the computational domain with an absorbing medium whose impedance is equal to that of the free space. Then it was widely applied to the acoustic and elastic wave numerical simulation. Hastings et al. (1996) proposed the use of PML for elastic wave propagation by the velocity-stress finitedifference method which provided excellent results for a wide range of incidence angles and frequencies. Collino and Tsogka (2001) applied the split PML (SPML) model to the linear elastodynamic problem in anisotropic heterogeneous media using finite difference and finite element, in which they decomposed each component into two auxiliary parts: one orthogonal to the boundary and the other parallel. This model has the property of generating no reflection at the interface between the free medium and the artificial absorbing medium.
Although Biot's theory (1962) may have a frequency limitation (Liu et al., 2009 ) and Biot's model and the line source assumption may lose some dynamic features of the seismic wave (Liu et al., 2010 , it has long been applied for solving wave-propagation problems in porous media. There are also many important works on PML of Biot's equations. and applied SPML to the porous isotropic media for displacement and velocity-strain formulation, respectively, whose numerical results show that PML reduces the outgoing waves effectively. An unsplit convolutional perfectly matched layer (CPML) was developed for the anisotropic (Komatitsch and Martin, 2007) and porous isotropic wave equation (Martin et al., 2008) . Chen (2011) applied the nearly perfectly matched layer (NPML) for seismic wave propagation in 2D homogeneous isotropic media. The results from CPML and NPML seem better than SPML, but have not been applied for the porous anisotropic media yet. To the best of our knowledge, however, no PML implementation has been reported in porous anisotropic media.
In this paper, we present the velocity-stress formulation for the modelling of wave propagation in porous anisotropic wave equation. Then we extend the SPML model to the fluidsaturated 2D porous transversely isotropic media through a staggered-grid finite-difference approach. Due to lack of proper petrophysical parameters, we demonstrate the efficiency and feasibility of the SPML algorithm by a heterogeneous model of isotropic and porous vertical transversely isotropic (VTI) media with a line-source.
Problem formulation

Equations of motion
According to Biot's linear theory (Biot, 1956; Dai et al., 1995) 
where u and U are displacement vectors of the solid and fluid particles, respectively. s is the stress tensor acting on the solid portions of the faces of a unit cube of porous material,
The scalar s is proportional to fluid pressure p and the porosity according to
The coefficients r 11 , r 12 and r 22 are mass coefficients which take into account the fact that the relative fluid flow through the pores is not uniform. They are related to the mass densities of the solid and fluid, r s and r f :
and
B is matrix of the damping coefficients
which is related to Darcy's coefficient of permeability k ij by
Here, Z is the fluid viscosity. 
Stress-strain relations
Considering a porous matrix by the generalized Hooke's law, the stress-strain relations (Biot, 1962) where A is the elastic coefficient of the porous medium, e is the strain in which e represents the strain of the porous solid, x is the increment of fluid content, and M is related to a measure of the pressure required on the fluid to force a certain volume of the fluid into the aggregate while the total volume remains constant. Taking a time derivative on each side of equation 8, it can be rewritten as
where
Equations 7a and 7b, in combination with equation 9, are the velocity-stress formulation for elastic porous anisotropic media.
Finite-difference scheme of SPML
Staggered-grid finite-difference scheme
The splitting of the variables in an absorbing layer is the basis of the PML implementation (Collino and Tsogka, 2001 ) which decomposes each variable into two components: one parallel to the boundary and the other orthogonal to it. A damping term is then introduced for the orthogonal component in PML which will reduce the outgoing waves. In this section, we extend the SPML model to the 2D transversely isotropic media by expanding equations 7a, 7b, and 9. This scheme uses the staggered-grid finite-difference (Virieux, 1986) formulation in which v x and V x are computed at the points (i, j) (x i = iDx, z j = jDz) of a reference grid, v z and V z are computed at the points (i+1/2, j+1/2), s xx , s zz and s at (i+1/2, j), and s xz at (i, j+1/2). Here, Dx and Dz are the spatial sampling interval in the x-and z-directions, respectively, and Dt is the time sampling interval. The discrete schemes, assisted by the finite-difference method (Virieux, 1986; Levander, 1988; Juhlin, 1995) and the SPML model (Collino and Tsogka, 2001) , are given as follows: are the damping factors in the x-and z-directions (Collino and Tsogka, 2001) while D x+ , D x-, D z+ and D z-are the forward and backward differences in the x-and z-directions (Levander, 1988) , respectively. For example, the damping factor is 
and L is the thickness of PML. The fourth-order forward finitedifference operator is
where f 1 and f 2 are the finite-difference coefficients for the fourthorder approximation to the first derivative, 9/8 and -1/24, respectively. 
Note that the above schemes are for 2D porous transversely isotropic media, but we can simulate more general types of anisotropy, because equation 8 is for general anisotropic media, and easily expand them to 3D.
Stability test
To test the stability of the SPML model, we use the time decay of total energy in the grid (Martin et al., 2008 )
of three models, where r s and r f are as stated in equation 4, and r w = ar f / with a representing the tortuosity. The material parameters of the models are listed in Table 1 in which Medium1 is isotropic mudstone, Medium2 is isotropic oilsaturated medium and Medium3 is anisotropic gas-saturated medium. The permeability and coefficient of viscosity of Medium3 are k xx = 9.87 Â 10 -13 m 2 , k zz = 9.87 Â 10 -14 m 2 and = 1.5 Â 10 -5 Nsm -2 (Mavko et al., 1998; ; Qian, Table 2 . Petrophysical parameters for the above homogeneous porous medium. Here we let the simulation run for 200,000 time steps with Dt = 1 Â 10 -5 s. Figure 1 represents the time decay of total energy in the main domain (without PML). We observe that the source injects energy in the medium from~0 to 0.08 s. Then waves carry energy travelling towards to the boundary and are gradually absorbed in the SPML layers between~0.08 and 0.4 s. After 0.4 s, the energy decay curve converges to zero because waves reach the boundary and completely leave the medium at this moment. We can also see the three curves of energy convergence are different from 0 to 0.2 s for different damping coefficients, but almost the same after 0.2 s for wave leaving. In this sense, the energy decay curve demonstrates the algorithm is able to run steadily.
Material properties Medium1 Medium2 Medium3
Solid
Numerical example
We now present a horizontally layered model to examine the feasibility of the above finite-difference schemes. In the following example, a compressive source is used to simulate a seismic wave propagating in the porous transversely isotropic media where its time function is the Ricker wavelet. Taking into account the porous media, the source energy needs to be proportionally added to normal stress and fluid pressure according to the porosity of the media . Besides, the results of thick PML are obviously better than those of thin PML (Collino and Tsogka, 2001) . In order to achieve better absorption and reduce the computational requirement, we set the thickness of the SPML model to 30Dx or 30Dz for the one side.
The interface (z = 600 m) between the two media is represented by a black line in Figure 2 . The model parameters of the first layer are those of isotropic Medium1 and the second are those of porous anisotropic Medium3 (Table 2) . Figure 2 illustrates the snapshots of vertical components of (a) solid and (b) fluid particle velocities at 0.22 s. The dotted frame stands for the edge of the SPML model. It can be found that there are five waves including direct P-wave (P 1 ), reflected P-wave (P 1 P 1 ), reflected S-wave (P 1 S 1 ), transmitted P-wave (P 1 P 2 ) and transmitted S-wave (P 1 S 2 ), and the waves are absorbed gradually in SPML when they arrive at the edge in Figure 2 . As the first layer is not the fluid-saturated porous medium, there are only transmitted waves in the fluid components (Figure 2b ) without reflected waves.
To quantitatively demonstrate the effectiveness of the SPML absorption, Figure 3 represents the seismograms at the three receiver points (black-filled triangles in Figure 2 ) of the vertical components of the solid particle velocities for the numerical calculations with SPML compared with the noboundary solutions. In Figure 3 , we find that not only P 1 , P 1 P 1 , and P 1 S 1 calculated by SPML are in good agreement with the no-boundary solutions, but also P 1 P 2 and P 1 S 2 are absorbed well in the SPML model, which suggests that SPML has a good performance for the horizontally layered model of the porous transversely isotropic media. However, there are some spurious oscillations apparent near 0.6 s. To gain a perfect performance for the porous anisotropic media, the methods of CPML (Komatitsch and Martin, 2007) and NPML (Chen, 2011) are left as topic for future investigation, which are based on the unsplit convolutional formulation of the equation as a first-order system in velocity and stress and essentially use a general choice of the stretched coordinate coefficient in the frequency domain.
Conclusions
A split perfectly matched absorbing layer (SPML) model based on Biot's theory has been developed for the boundary treatment of the seismic wave propagation in 2D porous transversely isotropic media. We then describe the staggered-grid finitedifference scheme with the velocity-stress formulation under Cartesian coordinates. In the stability test, the energy decay curve demonstrates that the algorithm can run stably. Through comparing SPML and no-boundary solutions using seismograms of heterogeneous model, the SPML model has a good absorbing effect for the outgoing waves at the artificial boundary, which confirms the algorithm is effective and feasible for the porous anisotropic media.
